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We study the question of what kind of a macroscopic superposition can(not) naturally exist as
a ground state of some gapped local many-body Hamiltonian. We derive an upper bound on the
energy gap of an arbitrary physical Hamiltonian provided that its ground state is a superposition
of two well-distinguishable macroscopic “semiclassical” states. For a large class of macroscopic
superposition states we show that the gap vanishes in the macroscopic limit. This in turn shows
that preparation of such states by simple cooling to the ground state is not experimentally feasible
and requires a different strategy. Our approach is very general and can be used to rule out a variety
of quantum states, some of which do not even exhibit macroscopic quantum properties. Moreover,
our methods and results can be used for addressing quantum marginal related problems.
Introduction.—Ever since Schro¨dinger’s cat gedanken
experiment [1] the question of whether a macroscopic sys-
tem can be found in a quantum superposition state re-
mains unanswered. Various attempts were made to ad-
dress our inability to detect macroscopic quantum super-
positions. Decoherence-type arguments are commonly
employed in which one advocates that the quantumness
of a macroscopic system is lost due to interactions with
a noisy environment [2]. Alternatively, it was indicated
that classical behavior can emerge because our measure-
ments suffer from limited resolution or limited sensitiv-
ity [3–5]. Moreover, various spontaneous collapse mod-
els introduce a stochastic nonlinear modification of the
Schro¨dinger equation that causes macroscopic superpo-
sitions to quickly appear as classical, while giving the
same experimental predictions as quantum theory in the
microscopic regime [6].
Naturally, the boundary between the quantum and
classical realms should be explored by experiments [7–9].
In recent decades, typical quantum features have been
demonstrated in large molecules [10, 11], hundreds of
photons [12, 13], superconducting circuits [14, 15], mi-
cromechanical oscillators [16, 17], and fragmented Bose
condensates [18, 19]. Nonetheless, quantum superposi-
tions of truly macroscopic objects remain an uncharted
territory that will hopefully be revealed by future exper-
iments.
Recently, different measures have been proposed to
quantify macroscopicity of quantum states [20–30]. The
literature about this topic is diverse and various measures
are mutually compared in Refs. [20, 21] and summarized
in Ref. [22]. Generally speaking, a macroscopic quantum
state (MQS) is a state capable of displaying macroscopic
quantum effects that can be utilized to validate quan-
tum mechanics (against classical theories) on a macro-
scopic scale. An important task is the identification of
a characteristic parameter that measures the “size” or
“macroscopicity” of a certain quantum state [7], such as
the characteristic energy, mass, number of elementary
constituents, etc. Here we focus on the case of macro-
scopically large number of particles N that interact via
a local Hamiltonian.
An important subclass of MQS are macroscopic super-
positions (MS): states of the type |ψ〉 = |ψ1〉+|ψ2〉, where
|ψ1,2〉 are macroscopically well-distinguishable states.
However, such a definition is not operational as there are
infinitely many decompositions of the kind |ψ1〉 + |ψ2〉
and it might not be clear how to unambiguously iden-
tify the “semiclassical” components of the MS. There-
fore, we define MS with respect to a measurement of an
additive (collective) observable [20, 21, 23, 28, 29]. A
pure state |ψ〉 is MS if a measurement of some addi-
tive observable Sˆ can sharply distinguish the semiclas-
sical states that constitute MS; e.g., the distribution of
eigenvalues of Sˆ exhibits two well-resolvable regions (see
Fig. 1). Our main focus here is on (i) the possibility of the
natural appearance of such states as unique ground states
of macroscopic quantum systems and, consequently, (ii)
the feasibility of preparing MS by simply cooling down
such systems. The latter might be achievable provided
that the system has a unique MS ground state; i.e., there
is a finite energy gap in the thermodynamic limit. In
this respect, it was proven that no MS of “locally dis-
tinguishable” states can be the unique ground state of
N spins described by a local Hamiltonian whose energy
gap is at least O(1/poly(N)) [31]. Conversely, numeri-
cal evidence was given in Ref. [32] that the energy gap
of a certain N -qubit Hamiltonian decays exponentially
fast in the macroscopic limit when its ground state actu-
ally is MS. Moreover, relation between the spectral gap
and ground state properties of spin lattice systems was
studied in Refs. [33, 34].
We provide a simple sufficient criterion enforcing the
energy gap to vanish in the thermodynamic limit for a
very general class of ground states of local many-body
Hamiltonians. The most important feature of our ap-
2FIG. 1. The distribution pm of eigenvalues sm of an additive
observable Sˆ for a MS state |ψ1〉 + |ψ2〉. A continuous curve
is used for aesthetic purposes. The distribution has two well-
resolved regions (left and right from the separation point sm¯)
each corresponding to the superimposed semiclassical states
|ψ1〉 and |ψ2〉, respectively. The distance between the regions
is ∆ := |〈Sˆ〉ψ2−〈Sˆ〉ψ1 |. The separation probability related to
the finite-sized shaded segment |s− sm¯| ≤ δ = O(N0) should
be vanishing in the macroscopic limit N →∞.
proach is an operational method to identify semiclassical
states that constitute the macroscopic superposition. We
show that in many cases local Hamiltonians are not ca-
pable of linking such states, so that the corresponding
MS can only represent a degenerate ground state in the
macroscopic limit. Our main theorem provides an inter-
esting relation between the energy gap and the order of
interaction (i.e., the number K in the case of a K-body
interaction). Therefore, one may derive the lowest order
of interaction for which a given MS might be a unique
ground state. We discuss our results in the context of dif-
ferent physical systems and various proposals for prepa-
ration of MS. Furthermore, we show that a certain class
of states that are not even considered to be macroscopi-
cally quantum (e.g., W states) cannot naturally exist as
ground states of gapped local Hamiltonians. Finally, we
demonstrate that the methods and results derived here
are relevant for quantum marginal related problems.
Preliminaries.—Let us consider a system of N inter-
acting particles described by a K-local Hamiltonian Hˆ =∑
(i1,i2,...,iK)∈I
(K)
N
Hˆi1i2...iK , where Hˆi1i2...iK is the contri-
bution due to interaction between particles i1, i2, . . . , iK
and I(K)N is the set of all K-tuples of N interacting par-
ticles. We call K the order of interaction. For instance,
usual physical interactions are pairwise with the order
K = 2.
We begin with the following general lemma:
Lemma.—Let a Hamiltonian Hˆ have a unique ground
state of the form |ψ〉 = a1|ψ1〉+ a2|ψ2〉, where |ψ1,2〉 are
normalized, 〈ψ2|ψ1〉 = λ and a1, a2 > 0. Then the energy
gap ∆E satisfies the inequality
∆E ≤ |〈ψ2|Hˆ |ψ1〉 − λE0|
a1a2(1− |λ|2) , (1)
where E0 denotes the ground state energy (see Supple-
mental Material [35] for the proof).
Without loss of generality we set E0 = 0 hereafter. We
start our analysis with the simple observation that the
energy gap is essentially upper bounded by a magnitude
of the matrix element 〈ψ2|Hˆ |ψ1〉 = H21 [assuming that
the overlap λ is vanishingly small and a1,2 = O(N
0) when
N → ∞]. Therefore, the system cannot have a finite
gap in the macroscopic limit if H21 is vanishing when
N →∞.
An archetypal example of MS is a so-called GHZ state
[44], closely related to an original Schro¨dinger’s proposal
as it is a superposition of two macroscopically distinct
states of N particles, i.e., |ψ〉 ∝ |ϕ1〉⊗N + |ϕ2〉⊗N . The
states |ϕ1,2〉 are normalized with the fixed nonzero over-
lap ω = |〈ϕ1|ϕ2〉| < 1. Here, one can naturally iden-
tify the two constituents |ψ1,2〉 = |ϕ1,2〉⊗N with expo-
nentially small overlap |λ| = ωN and a1,2 N→∞−−−−→ 1/
√
2.
Denote by H
[K]
21 the maximal magnitude of all matrix ele-
ments 〈ϕ2|⊗KHˆi1,i2,...,iK |ϕ1〉⊗K . The value of H [K]21 does
not scale with N and solely depends on the nature of the
interaction. It is not difficult to see that
|H21| ≤ |I(K)N |ωN−KH [K]21 ≤
(
N
K
)
ωN−KH
[K]
21 , (2)
since for K fixed the total number of interaction terms
grows at most polynomially with N , i.e., |I(K)N | ≤
(
N
K
)
=
O(NK). Therefore, we conclude that the energy gap van-
ishes exponentially fast when N →∞, as long as the or-
der of interaction is fixed. In other words, all the states
|ψ(α)〉 ∝ |ϕ1〉⊗N + eiα|ϕ2〉⊗N give the same energy in
the thermodynamic limit and the ground state becomes
at least doubly degenerate. Consequently, cooling down
the system towards zero temperature will result in a clas-
sical mixture 12 |ψ(0)〉〈ψ(0)|+ 12 |ψ(π)〉〈ψ(π)|. In order to
make the energy gap finite in the thermodynamic limit,
it is necessary that the order of interaction K grows with
the number of particles N , which is usually considered
nonphysical. This reasoning can be trivially extended to
a finite sum |ϕ1〉⊗N+. . .+|ϕn〉⊗N of macroscopically dis-
tinguishable states, i.e., 〈ϕi|ϕj〉 = O(N0) when i 6= j. In
the Supplemental Material [35] we show that the same
result holds for a more general class of states, i.e., the
superpositions of locally distinguishable states that have
been considered in literature as a natural generalization
of the GHZ-like states [20, 24].
Whereas the previous examples are fairly easy to grasp,
as the superimposed states are identifiable by definition,
such a clean prescription is not a priori available for ar-
bitrary MQS. Therefore, we continue our analysis by in-
voking a measurement of some collective observable Sˆ
that should serve as a reference point to identify |ψ1,2〉.
Consider a system of N particles in a total Hilbert
space HN = ⊗Ni=1Hi, with dim(Hi) = d. Let Sˆ =∑N
i=1 Sˆi be an additive observable. The single-particle
operators satisfy Sˆi|σi, µi〉i = σi|σi, µi〉i, where σi ∈
{ς1 < ς2 < . . . < ςℓ} and 2 ≤ ℓ ≤ d, while
3µi = 1, . . . , µ(σi) enumerate the degeneracies obeying∑ℓ
l=1 µ(ςl) = d. We denote the different eigenvalues of
Sˆ by s1 < s2 < . . . < sM , where sm =
∑ℓ
l=1 nm,l ςl,
nm,l ∈ N0 and
∑ℓ
l=1 nm,l = N . Clearly, s1 = Nς1 and
sM = Nςℓ. The states |σ,µ〉 = ⊗Ni=1 |σi, µi〉i constitute
a complete basis in HN , i.e., ∑σ∑µ |σ,µ〉〈σ,µ| = 1 ,
where σ = (σ1, σ2, . . . , σN ) and µ = (µ1, µ2, . . . , µN ).
This yields a decomposition
|ψ〉 =
∑
σ
∑
µ
|σ,µ〉〈σ,µ|ψ〉 =
M∑
m=1
√
pm|sm〉, (3)
where Sˆ|sm〉 = sm|sm〉, and |sm〉 contains all the terms
from the multisums such that
∑N
i=1 σi = sm. The num-
bers pm ≥ 0 correspond to the probabilities of obtaining
the value sm when measuring the observable Sˆ in the
state |ψ〉, hence, ∑Mm=1 pm = 1.
Now, if the state |ψ〉 is MS of two states |ψ1〉 and
|ψ2〉, then we expect that the probability distribution
Pψ = {pm}Mm=1 has two distinguishable regions with cor-
responding probabilities of the order O(N0) and with
vanishingly small probability within the finite-sized bor-
dering segment around some eigenvalue sm¯ of Sˆ (see
Fig. 1). Those regions should precisely be related to
the semiclassical constituents of the state |ψ〉. The dis-
tance between the regions ∆ := |〈Sˆ〉ψ2 −〈Sˆ〉ψ1 | is closely
related to the fluctuation of the observable Sˆ in the
state |ψ〉 and it is commonly assumed that MS dis-
plays ∆ = O(N) [20, 29, 30]. However, we will ad-
dress quantum states from another aspect, which will
render our main result independent of ∆. Namely, the
prime quantity in our analysis is the separation probabil-
ity Pψ(|s − sm¯| ≤ δ), i.e., the probability of finding the
result s, when measuring Sˆ, within a tiny segment of size
2δ = O(N0) centered at the separation point sm¯. We will
provide an upper bound on the energy gap, which es-
sentially depends on the separation probability and the
order of interaction. Thus, the interplay between the two
will have a crucial role in vanishing of the gap.
Next, we will make use of sm¯ to express the ground
state in the form of a superposition
|ψ〉 = a1|ψ1〉+ a2|ψ2〉, (4)
with
a1|ψ1〉 =
m¯−1∑
m=1
√
pm|sm〉, a2|ψ2〉 =
M∑
m=m¯
√
pm|sm〉, (5)
where a1 = (p1+ . . .+pm¯−1)
1/2, a2 = (pm¯+ . . .+pM )
1/2,
and, presumably, a1,2 = O(N
0). By construction, one
has 〈ψ2|ψ1〉 = 0. We will employ the introduced separa-
tion to derive an upper estimate of the energy gap.
Let us suppose that the Hamiltonian of the physical
system is 2-local, i.e., Hˆ =
∑
(i,j)∈I
(2)
N
Hˆij , where Hˆij
represents pairwise interaction between particles i and j
and I(2)N is the set of pairs of interacting particles. Obvi-
ously, the number of interaction terms in the Hamiltonian
satisfies |I(2)N | ≤ N(N−1)/2 = O(N2). The magnitude of
the matrix element in the inequality (1) can be estimated
in order to obtain the following central result:
Theorem.—Under the assumptions given in the text,
the energy gap of the system is bounded as
∆E ≤ |I
(2)
N |
2a21a
2
2
max
(i,j)∈I
(2)
N
‖Hˆij‖ · Pψ(|s− sm¯| ≤ 2δς), (6)
where max
(i,j)∈I
(2)
N
‖Hˆij‖ sets the characteristic energy
scale (independent of N) and δς = ςℓ − ς1. Here, ‖ · ‖
denotes the operator spectral norm. The complete proof
is given in the Supplemental Material [35].
The bound (16) is valid for any sm¯, which has been ar-
bitrary up to now. Clearly, one should select Sˆ and the
corresponding sm¯ so that Pψ(|s − sm¯| ≤ 2δς) vanishes
as fast as possible for N → ∞. In the previously dis-
cussed GHZ-like case, the separation probability scales
as exp[−O(N)] and the energy gap vanishes exponen-
tially fast with N . Furthermore, it is clear that for any
state exhibiting Pψ = o(1/N
2) the gap will vanish in
the thermodynamic limit and the state can only repre-
sent a degenerate ground state. In general, such a state
does not necessarily display anomalous fluctuation of Sˆ.
One can even find examples where ∆ = O(N0) [such as
|ψ〉 = (|sm1〉 + |sm2〉)/
√
2, where sm1 = sm¯ − 2δ and
sm2 = sm¯ + 2δ, with δ > δς ]. Conversely, when the sys-
tem features a finite energy gap, the relation (16) puts
a lower bound Pψ(|s − sm¯| ≤ 2δς) ≥ O(1/N2) for any
gapped 2-local Hamiltonian and arbitrary observable Sˆ.
The appearance of probabilities corresponding to the
interval of size 4δς centered at sm¯ is a direct conse-
quence of the 2-local nature of the Hamiltonian. We
note that the Theorem could easily be generalized for
arbitrary K-local Hamiltonians. In that case, one would
consider the set I(K)N of K-tuples of interacting particles,
for which |I(K)N | ≤
(
N
K
)
= O(NK), and the correspond-
ing estimate of the gap would involve the probability
Pψ(|s−sm¯| ≤ 2Kδς). Thus, for a gapped K-local Hamil-
tonian we conclude that the best possible separation
probability one can achieve for a ground state is asymp-
totically lower bounded by O(1/NK). Consequently, all
the states exhibiting the scaling Pψ = o(1/N
K) are ex-
cluded as possible unique ground states.
Various examples.—Our general result nicely complies
with the investigation of ground states of various physical
systems. For example, a twofold fragmented condensate
of interacting bosons trapped in a single well [18] features
a doubly degenerate ground state, in the thermodynamic
limit. It was shown in Ref. [19] that in the appropri-
ate Fock space basis the corresponding ground states are
identical to the photon cat states. In accordance with
our findings, the proposed preparation of these states re-
quires other means than simple cooling, i.e., the rapid
4sweep of interaction couplings [45]. Another example is a
one-dimensional array of circuit quantum electrodynamic
(cQED) systems in the ultrastrong cavity-qubit coupling
regime [46]. The authors showed that the photon hop-
ping between cavities can be mapped to the Ising inter-
action between the lowest two levels of individual cQED
of the chain. Based on the mapping, they found two
nearly degenerate GHZ-type ground states with energy
splitting exponentially small in the system size. Again,
this is in perfect agreement with our results. Moreover,
we mention the study of a bosonic Josephson junction
made of N ultracold and dilute atoms confined by a
quasi-one-dimensional double-well potential within the
two-site Bose-Hubbard model framework [47]. Detailed
treatment showed that the ground state of the system
evolves towards NOON state when increasing attractive
interatomic interaction. The estimated gap between two
lowest energy states vanishes exponentially with N , in
full compliance with our considerations. Our work also
nicely agrees with Ref. [48] where the possibility of creat-
ing many-particle catlike states was examined for a Bose-
Einstein condensate trapped in a double-well potential.
It was discussed in detail that creating cat states via adi-
abatic manipulation of the many-body ground state is
experimentally unfeasible due to the fact that the end
state is nearly degenerate with the first-excited state;
hence, such a process would require an exponentially long
time. This difficulty was surpassed by proposing to ex-
ploit dynamic evolution following a sudden flipping of the
sign of the atomic interaction, accomplished via Feshbach
resonance technique [49]. Finally, we mention that our
treatment assumes a close correspondence between the
macroscopicity of the system and the number of its con-
stituents. However, the macroscopicity might be related
to other quantities and only weakly depend on the system
size. SQUID systems, which were proposed as good can-
didates to host the “genuine” MS [7], are a paramount
example of that. Although our results are not directly
applicable to such a case, in the Supplemental Material
[35] we provide a discussion of SQUIDs showing some
similarities with our findings.
Our generic analysis demonstrates that more sophisti-
cated experimental techniques are needed for the prepa-
ration of a variety of macroscopic superpositions in the
thermodynamic limit. This may require some form of dy-
namical driving of a system, as in the mentioned exam-
ples, advanced matter-wave interferometric approaches
[50] or use of demanding postselection techniques [51].
Furthermore, we present an example to demonstrate
that our results can be used to address the states that
are more general than MQS (see Supplemental Material
[35]). Consider a lattice model of N spin-1/2 particles
interacting with the fixed number of neighbors. Thus,
one has d = 2, ℓ = 2, δς = 1, and |I(2)N | = O(N). In or-
der to prove that the model becomes gapless in the limit
N → ∞, one has to find an appropriate additive ob-
servable Sˆ for which the ground-state-related separation
probability vanishes as o(1/N). Collective states that
naturally appear in spin systems are the Dicke states [52]
|j,m〉 (m = −j, . . . , j), where j = N/2. They are per-
mutation invariant and satisfy Jˆ2|j,m〉 = j(j + 1)|j,m〉
and Jˆz|j,m〉 = m|j,m〉. All Dicke states are unique
ground states of some fully 2-local, gapped Hamiltonian
for which |I(2)N | = N(N−1)/2 (all the particles mutually
interact pair wisely, such as indistinguishable particles)
[31]. However, such Hamiltonians do not correspond to
the present case. Therefore, we will show that, for exam-
ple, an N -qubit W state |j, j − 1〉, which represents the
case of symmetrically distributed one-spin excitations,
cannot be a unique ground state of any considered spin-
lattice model. First, we find the appropriate collective
observable to be Jˆx. Let |j,m〉x (m = −j, . . . , j) be the
common eigenbasis of Jˆ2 and Jˆx. The related probabil-
ity distribution is pm = |〈j, j − 1|j,m〉x|2 (see Fig. 1 in
the Supplemental Material [35]), sm = m, and we choose
sm¯ = 0 for j integer or sm¯ = 1/2 for j half-integer. As
presented in the Supplemental Material [35], we find
pm =
2m2
22jj
(
2j
j +m
)
∼ 2m
2
√
πj3/2
, (7)
where the last asymptotic behavior holds for fixed m and
j → ∞. We conclude that the separation probability
Pψ(|s − sm¯| ≤ 2) scales as O(1/j3/2), i.e., O(1/N3/2).
Thus, the W state can only be a degenerate ground
state of the arbitrary spin-lattice model considered here.
Moreover, the distance between the two peaks has sublin-
ear asymptotic scaling ∼ √2N . Hence, the W state is an
example of a state that is not even a MQS according to
the anomalous fluctuation criterion, but is nevertheless
amenable to our present analysis.
Finally, our results can be naturally related to quan-
tum marginal problem [53, 54]. There, the main task is
to check whether or not a given set of marginal states
ρˆ = (ρˆs1 , ρˆs2 , . . . ) can be extended to some N -particle
quantum state ˆ̺[N ], i.e., ρˆsk = Trsk ˆ̺
[N ], where sk de-
notes a subset of N particles. The set of all representable
marginals ρˆ is convex and completely characterized by its
extremal points (for finite-dimensional systems); there-
fore, their identification is of great importance. On the
other hand, the set of extremal points is in unique corre-
spondence to the set of N -particle nondegenerate ground
states of the local Hamiltonians [54]. Namely, for a
given Hamiltonian Hˆ =
∑
k Hˆsk , where Hˆsk denotes lo-
cal Hamiltonian acting on the subset of particles sk, we
have E = Tr(ˆ̺[N ]Hˆ) =
∑
k Trsk(ρˆskHˆsk) = Tr(ρˆHˆ),
where Hˆ = (Hˆs1 , Hˆs2 , . . . ). Thus, the energy E is a lin-
ear functional on the set of all representable marginals
ρˆ and it reaches its extreme values on the set of nonde-
generate ground states. Our criterion (16) implies that
a large class of degenerate ground states (in the thermo-
dynamic limit) has the set of marginals that cannot be
extremal.
5Summary and outlook.—In this Letter we provided a
powerful generic method to analyze the possibility for
ground states of gapped many-body quantum systems
to be superpositions of macroscopically distinct quan-
tum states. We have ruled out a large class of quan-
tum states that cannot be prepared by simply cooling
macroscopic quantum systems that exhibit interactions
involving some finite number of their constituents. For
such a state, we require that the separation probabil-
ity, related to the small segment around the separation
point between its two semiclassical components, vanishes
sufficiently fast in the thermodynamic limit. We expect
our results to be valuable for future experiments aiming
at preparing quantum states that exhibit macroscopic
quantum properties. Furthermore, we have shown that
our study is relevant for quantum marginal problem.
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6SUPPLEMENTAL MATERIAL
In this Supplemental Material we provide the proofs
of the statements from the main text. Furthermore,
we study an example of certain superpositions of Dicke
states as possible ground states of local Hamiltonians of
spin-lattice models. At the end, we provide the discus-
sion about quantum superpositions in superconducting
quantum interference devices (SQUIDs).
Proof of the Lemma
To ease the notation, we introduce the operator hˆ =
Hˆ − E0. The ground state energy of hˆ is zero, whereas
the energy of the first excited state is equal to the energy
gap ∆E of Hˆ. The ground state |ψ〉 = a1|ψ1〉 + a2|ψ2〉
satisfies the condition hˆ|ψ〉 = 0. Therefore, we get the
following set of equations
a1h11 + a2h12 = 0, (1a)
a1h21 + a2h22 = 0, (1b)
with hij = 〈ψi|hˆ|ψj〉. The linear system above has
non-trivial solutions if its determinant is zero. Hence,
h11h22 = h12h21 ≡ |h21|2. Obviously, h11, h22 ≥ 0 as the
ground state energy of hˆ is zero. Consider now the ex-
pansion |ψ1〉 = c1|ψ〉+
√
1− |c1|2|ψ⊥〉, where |ψ⊥〉 is the
linear combination of |ψ1〉 and |ψ2〉 such that 〈ψ|ψ⊥〉 = 0.
We get the following inequality
〈ψ1|hˆ|ψ1〉 = (1− |c1|2)〈ψ⊥|hˆ|ψ⊥〉 ≥ (1− |c1|2)∆E. (2)
The last inequality follows from the fact that the lowest
energy of hˆ in the subspace orthogonal to |ψ〉 is ∆E. It
is easy to obtain 1− |c1|2 = |a2|2(1− |λ|2), so that
∆E ≤ 〈ψ1|hˆ|ψ1〉
1− |c1|2 =
h11
|a2|2(1− |λ|2) . (3)
From the equations (1) we find h11/|a2|2 = |h12|/|a1a2| =
|h21|/|a1a2| = h22/|a1|2. Consequently, we get
∆E ≤ |h21||a1a2|(1− |λ|2) . (4)
Recalling the assumptions a1, a2 > 0 from the main text,
the previous result proves the Lemma.
Macroscopic superpositions of “locally
distinguishable” states
Let us assume that the unique ground state |ψ〉 is a
macroscopic superposition of two states |ψ1〉 and |ψ2〉.
We will rely on the measurement-based measure of the
size of macroscopic quantum superpositions in terms of
“local distinguishability”, introduced in Ref. [1] and elab-
orated in Ref. [2]. In this context, it was shown in Ref.
[3] that if the energy gap scales as O(1/poly(N)), then
no MS of locally distinguishable states can be the unique
ground state ofN spins described by a local Hamiltonian.
Our goal here is to prove the opposite − if such a state is
a ground state of local Hamiltonian, then the energy gap
vanishes exponentially fast in the macroscopic limit. Fol-
lowing [1, 2], we divide N particles into a maximal num-
ber N˜ of distinct groups of particles such that |ψ1〉 can
be distinguished from |ψ2〉 with probability P > 1/2 by
performing a measurement on any single group. The su-
perposition state |ψ〉 is called macroscopic if N˜ = O(N).
To avoid cumbersome notation, we assume that the size
of every group is N/N˜ and introduce the abbreviation
[N ] = {1, 2, . . . , N}. In the sequel, we will derive an ex-
ponential bound for the magnitude of the matrix element
of a 2-local Hamiltonian
〈ψ2|Hˆ |ψ1〉 =
∑
(i,j)∈I
(2)
N
〈ψ2|Hˆij |ψ1〉
=
∑
(i,j)∈I
(2)
N
Tri,j
(
HˆijTr[N ]\{i,j}
(|ψ1〉〈ψ2|)
)
.
(5)
Our approach is based on the one given in the Ap-
pendix C of Ref. [3]. Denote by Aˆ(k) the measure-
ment operator on group k that optimally distinguishes
the states |ψ1〉 and |ψ2〉. One can always choose it so
that its spectrum is {−1,+1}. In such a case, the suc-
cess probability to distinguish the two states is given by
P = 1/2 + 1/4 |〈Aˆ(k)〉ψ1 − 〈Aˆ(k)〉ψ2 |. Since P > 1/2, we
can assume that −1 ≤ 〈Aˆ(k)〉ψ2 < 〈Aˆ(k)〉ψ1 ≤ 1 for all
k. For the kth group, the projection operator on out-
come α is denoted by Πˆ
(k)
α . The measurement probabil-
ities are then ‖Πˆ(k)±1 |ψi〉‖2 = (1 ± 〈Aˆ(k)〉ψi)/2 ≡ pi,± for
i = 1, 2. One additional comment is in order. Namely, in
the generic case N˜ can depend on the success probability
P . As discussed in Ref. [2], the additional assumption,
that the measurements on any group do not influence the
measurement outcomes on other groups, resolves this is-
sue. It basically means that only correlations within the
groups exist and not among different groups. Thus, we
formally require that 〈Aˆ(k)Aˆ(k′)〉ψi = 〈Aˆ(k)〉ψi〈Aˆ(k
′)〉ψi ,
for i = 1, 2 and for all groups k 6= k′. This in turn implies
the factorization ‖Πˆ(k)α Πˆ(k
′)
α′ |ψi〉‖2 = pi,α pi,α′ for i = 1, 2.
Similar factorization is found for the joint probabilities
of the results of measurements on more than two distinct
groups.
Denote by Γ = {Γ(k)}N˜k=1 the set of the considered
distinct groups of particles. Let us examine the partial
trace of |ψ1〉〈ψ2| over n groups {Γ(k1), . . . ,Γ(kn)} ≡ Γ(k)n
7Tr
Γ
(k)
n
(|ψ1〉〈ψ2|) = Tr
Γ
(k)
n
( n⊗
i=1
(Πˆ
(ki)
+1 + Πˆ
(ki)
−1 ) |ψ1〉〈ψ2|
n⊗
j=1
(Πˆ
(kj)
+1 + Πˆ
(kj)
−1 )
)
= Tr
Γ
(k)
n
( ∑
α1,...,αn=±1
∑
α′1,...,α
′
n=±1
Πˆ
(k1)
α1
. . . Πˆ
(kn)
αn
|ψ1〉〈ψ2| Πˆ(k1)α′1 . . . Πˆ
(kn)
α′n
)
= Tr
Γ
(k)
n
( ∑
α1,...,αn=±1
Πˆ
(k1)
α1
. . . Πˆ
(kn)
αn
|ψ1〉〈ψ2| Πˆ(k1)α1 . . . Πˆ
(kn)
αn
)
= Tr
Γ
(k)
n
( ∑
α∈{−1,1}n
Πˆ
(k)
α |ψ1〉〈ψ2| Πˆ(k)α
)
, (6)
where Πˆ
(k)
α = Πˆ
(k1)
α1
. . . Πˆ
(kn)
αn
. We used the orthogo-
nality Πˆ
(k)
α Πˆ
(k)
α′ = δαα′Πˆ
(k)
α and the completeness rela-
tion Πˆ
(k)
+1 + Πˆ
(k)
−1 = I
(k). In evaluating (5) we will en-
counter two types of terms, the ones where both par-
ticles i and j belong to two different groups, say Γ(ki)
and Γ(kj), and the ones where they belong to the same
group, say Γ(kij). In both cases we have to perform par-
tial traces over at least N˜ − 2 groups of particles. To
make the derivation more compact, we will treat the two
cases on the same footing. Namely, we shall introduce
Γij = {Γ(ki),Γ(kj)} in the former case. In the latter case,
we define Γij = {Γ(kij),Γ(k∗ij)}, where to each group k
we assign its “partner” group k∗ 6= k. For instance, one
may set 1∗ = 2, 2∗ = 3, . . ., (N − 1)∗ = N and N∗ = 1.
We then have
Tr[N ]\{i,j}
(|ψ1〉〈ψ2|) = TrΓij\{i,j}TrΓ\Γij(|ψ1〉〈ψ2|),
(7)
where the last partial trace is always over N˜ − 2 groups.
Let ki,j label those groups. Combining the previous, we
get
|〈ψ2|Hˆ |ψ1〉| =
∣∣∣ ∑
(i,j)∈I
(2)
N
Tri,j
(
HˆijTrΓij\{i,j}TrΓ\Γij
(|ψ1〉〈ψ2|)
)∣∣∣
=
∣∣∣ ∑
(i,j)∈I
(2)
N
Tri,j
(
HˆijTrΓij\{i,j}TrΓ\Γij
( ∑
α∈{−1,1}N˜−2
Πˆ
(ki,j)
α |ψ1〉〈ψ2| Πˆ
(ki,j)
α
))∣∣∣
=
∣∣∣ ∑
(i,j)∈I
(2)
N
∑
α∈{−1,1}N˜−2
Tri,j
(
HˆijTr[N ]\{i,j}
(
Πˆ
(ki,j)
α |ψ1〉〈ψ2| Πˆ(ki,j)α
))∣∣∣
≤
∑
(i,j)∈I
(2)
N
∑
α∈{−1,1}N˜−2
∣∣∣Tri,j
(
HˆijTr[N ]\{i,j}
(
Πˆ
(ki,j)
α |ψ1〉〈ψ2| Πˆ(ki,j)α
))∣∣∣
≤
∑
(i,j)∈I
(2)
N
∑
α∈{−1,1}N˜−2
‖Hˆij‖ ·
∥∥Tr[N ]\{i,j}(Πˆ(ki,j)α |ψ1〉〈ψ2| Πˆ(ki,j)α )∥∥1
≤ max
(i,j)∈I
(2)
N
‖Hˆij‖
∑
(i,j)∈I
(2)
N
∑
α∈{−1,1}N˜−2
∥∥Tr[N ]\{i,j}(Πˆ(ki,j)α |ψ1〉〈ψ2| Πˆ(ki,j)α )∥∥1
≤ max
(i,j)∈I
(2)
N
‖Hˆij‖
∑
(i,j)∈I
(2)
N
∑
α∈{−1,1}N˜−2
∥∥Πˆ(ki,j)α |ψ1〉〈ψ2| Πˆ(ki,j)α ∥∥1
= max
(i,j)∈I
(2)
N
‖Hˆij‖
∑
(i,j)∈I
(2)
N
∑
α∈{−1,1}N˜−2
∥∥Πˆ(ki,j)α |ψ1〉∥∥ · ∥∥Πˆ(ki,j)α |ψ2〉∥∥. (8)
In the second inequality we used Ho¨lder’s inequality for
the operator spectral and 1-norm
∣∣Tr(XˆYˆ )∣∣ ≤ ‖Xˆ‖ ·
‖Yˆ ‖1. In the third inequality we utilized the property
‖Tr1
(
Xˆ12
)‖1 ≤ ‖Xˆ12‖1 for Xˆ12 ∈ L(H1 ⊗ H2) [4], and
finally in the last one we used
∥∥|u〉〈v|∥∥
1
= ‖|u〉‖ · ‖|v〉‖.
Now, from the factorization of joint probabilities we get
∥∥Πˆ(ki,j)α |ψl〉∥∥ = ∥∥Πˆ(k1)α1 Πˆ(k2)α2 . . . Πˆ(kN˜−2)αN˜−2 |ψl〉
∥∥
= (pl,α1 pl,α2 . . . pl,αN˜−2)
1/2 = (pl,+)
m
2 (pl,−)
N˜−2−m
2 ,
(9)
8where m is the number of positive eigenvalues among α1, α2, . . . , αN˜−2. Hence, we find
|〈ψ2|Hˆ |ψ1〉| ≤ max
(i,j)∈I
(2)
N
‖Hˆij‖
∑
(i,j)∈I
(2)
N
∑
α∈{−1,1}N˜−2
(p1,+ p2,+)
m
2 (p1,− p2,−)
N˜−2−m
2
≤ |I(2)N | max
(i,j)∈I
(2)
N
‖Hˆij‖
∑
α∈{−1,1}N˜−2
(p1,+ p2,+)
m
2 (p1,− p2,−)
N˜−2−m
2
= |I(2)N | max
(i,j)∈I
(2)
N
‖Hˆij‖
N˜−2∑
m=0
(
N˜ − 2
m
)
(p1,+ p2,+)
m
2 (p1,− p2,−)
N˜−2−m
2
= |I(2)N | max
(i,j)∈I
(2)
N
‖Hˆij‖ qN˜−2, (10)
where q =
√
p1,+ p2,++
√
p1,− p2,−. Since by assumption
〈Aˆ(k)〉ψ2 < 〈Aˆ(k)〉ψ1 , we have p1,± 6= p2,±. Using the
inequality
√
xy < (x+y)/2 for distinct positive numbers,
we obtain
q <
p1,+ + p2,+
2
+
p1,− + p2,−
2
= 1. (11)
In addition, due to N˜ = O(N) for a macroscopic su-
perposition state, we find the estimate |〈ψ2|Hˆ |ψ1〉| ≤
exp[−O(N)]. Thus, we have derived an exponential
bound with respect to N . In the general case of K-local
Hamiltonian one could analogously derive the bound
|〈ψ2|Hˆ |ψ1〉| ≤ |I(K)N | max
(i1,...,iK)∈I
(K)
N
‖Hˆi1...iK‖ qN˜−K .
(12)
Based on this result, the Lemma implies that the energy
gap as well vanishes exponentially fast in the macroscopic
limit N →∞.
Proof of the Theorem
Our task is to estimate the magnitude of the matrix
element 〈ψ2|Hˆ |ψ1〉 of a 2-local Hamiltonian, under the
assumptions from the main text. Recall that an additive
observable Sˆ =
∑N
i=1 Sˆi introduces the decomposition
of a given state |ψ〉 = ∑Mm=1√pm|sm〉, where Sˆ|sm〉 =
sm|sm〉, √pm|sm〉 =
∑
|σ|=sm
∑
µ |σ,µ〉〈σ,µ|ψ〉 and
|σ| ≡ ∑Ni=1 σi. Furthermore, we used the separating
eigenvalue sm¯ to express the ground state in the form
of superposition |ψ〉 = a1|ψ1〉 + a2|ψ2〉, with a1|ψ1〉 =∑m¯−1
m=1
√
pm|sm〉 and a2|ψ2〉 =
∑M
m=m¯
√
pm|sm〉. Then,
we find the following
〈ψ2|Hˆ |ψ1〉 =
∑
(i,j)∈I
(2)
N
〈ψ2|Hˆij |ψ1〉 =
1
a1a2
∑
(i,j)∈I
(2)
N
m¯−1∑
m=1
M∑
m′=m¯
√
pm′ 〈sm′ |Hˆij |sm〉
√
pm. (13)
Evaluation of 〈sm′ |Hˆij |sm〉 boils down to considering
〈σ′,µ′|Hˆij |σ,µ〉 = Tri,j
(
HˆijTr[N ]\{i,j}
(|σ,µ〉〈σ′,µ′|)),
where |σ′| = sm′ and |σ| = sm. One finds that
Tr[N ]\{i,j}
(|σ,µ〉〈σ′,µ′|) = |σi, µi〉i|σj , µj〉j〈σ′i, µ′i|i〈σ′j , µ′j|j ∏
k∈[N ]\{i,j}
δσ′
k
,σ
k
δµ′
k
,µ
k
. (14)
A necessary condition for the last product to be nonzero
is
∑
k∈[N ]\{i,j}(σ
′
k−σk) = 0, i.e., sm′−sm = σ′i+σ′j−(σi+
σj). Since−2δς ≤ σ′i+σ′j−(σi+σj) ≤ 2δς , all the nonvan-
ishing terms from (13) must obey −2δς ≤ sm′−sm ≤ 2δς ,
while by construction we have sm′ ≥ sm¯ and sm < sm¯.
Hence, the only nonzero terms are those related to the
9triangular region Tm¯ in the (m,m′)-plane that is deter-
mined by the previous inequalities. Letm> be the largest
m such that sm < sm¯ + 2δς . Similarly, let m< be the
smallest m such that sm ≥ sm¯ − 2δς . We obtain the
following
|〈ψ2|Hˆ |ψ1〉| = 1
a1a2
∣∣∣ ∑
(i,j)∈I
(2)
N
∑
(m,m′)∈Tm¯
√
pm′ 〈sm′ |Hˆij |sm〉
√
pm
∣∣∣
=
1
a1a2
∣∣∣ ∑
(i,j)∈I
(2)
N
m¯−1∑
m=m<
m>∑
m′=m¯
√
pm′ 〈sm′ |Hˆij |sm〉
√
pm
∣∣∣ (15a)
=
1
a1a2
∣∣∣ ∑
(i,j)∈I
(2)
N
m¯−1∑
m=m<
m>∑
m′=m¯
Tri,j
(
HˆijTr[N ]\{i,j}
(√
pm|sm〉〈sm′ |√pm′
))∣∣∣
=
1
a1a2
∣∣∣ ∑
(i,j)∈I
(2)
N
Tri,j
(
HˆijTr[N ]\{i,j}
( m¯−1∑
m=m<
√
pm|sm〉
m>∑
m′=m¯
√
pm′〈sm′ |
))∣∣∣
≤ 1
a1a2
∑
(i,j)∈I
(2)
N
∣∣∣Tri,j
(
HˆijTr[N ]\{i,j}
( m¯−1∑
m=m<
√
pm|sm〉
m>∑
m′=m¯
√
pm′〈sm′ |
))∣∣∣
≤ 1
a1a2
∑
(i,j)∈I
(2)
N
‖Hˆij‖ ·
∥∥∥Tr[N ]\{i,j}(
m¯−1∑
m=m<
√
pm|sm〉
m>∑
m′=m¯
√
pm′〈sm′ |
)∥∥∥
1
(15b)
≤ 1
a1a2
∑
(i,j)∈I
(2)
N
‖Hˆij‖ ·
∥∥∥
m¯−1∑
m=m<
√
pm|sm〉
m>∑
m′=m¯
√
pm′〈sm′ |
∥∥∥
1
(15c)
≤ |I
(2)
N |
a1a2
max
(i,j)∈I
(2)
N
‖Hˆij‖ ·
∥∥∥
m¯−1∑
m=m<
√
pm|sm〉
m>∑
m′=m¯
√
pm′〈sm′ |
∥∥∥
1
=
|I(2)N |
a1a2
max
(i,j)∈I
(2)
N
‖Hˆij‖ ·
∥∥∥
m¯−1∑
m=m<
√
pm|sm〉
∥∥∥ ·
∥∥∥
m>∑
m′=m¯
√
pm′〈sm′ |
∥∥∥ (15d)
=
|I(2)N |
a1a2
max
(i,j)∈I
(2)
N
‖Hˆij‖ ·
( m¯−1∑
m=m<
pm
)1/2
·
( m>∑
m′=m¯
pm′
)1/2
≤ |I
(2)
N |
2a1a2
max
(i,j)∈I
(2)
N
‖Hˆij‖ ·
( m¯−1∑
m=m<
pm +
m>∑
m′=m¯
pm′
)
(15e)
≤ |I
(2)
N |
2a1a2
max
(i,j)∈I
(2)
N
‖Hˆij‖ · Pψ(|s− sm¯| ≤ 2δς). (15f)
In the line (15a) we found convenient to extend the sum-
mation over Tm¯ to the summation over the encompass-
ing rectangular region. Note that all the added terms
are actually zero-terms. Thereafter, m and m′ index
the eigenvalues of Sˆ within the interval [sm¯ − 2δς , sm¯)
and [sm¯, sm¯ + 2δς), respectively. The line (15b) is a
consequence of Ho¨lder’s inequality for operator spectral
and 1-norm
∣∣Tr(XˆYˆ )∣∣ ≤ ‖Xˆ‖ · ‖Yˆ ‖1, whereas the line
(15c) follows from ‖Tr1
(
Xˆ12
)‖1 ≤ ‖Xˆ12‖1 for Xˆ12 ∈
L(H1 ⊗H2) [4] and we used ‖|u〉〈v|‖1 = ‖|u〉‖ · ‖|v〉‖ in
the line (15d). Finally, in the line (15e) we invoked the
inequality
√
xy ≤ (x+y)/2 for nonnegative reals. Recall-
ing the Lemma from the main text, the fact 〈ψ2|ψ1〉 = 0
and the choice E0 = 0, we find
∆E ≤ |I
(2)
N |
2a21a
2
2
max
(i,j)∈I
(2)
N
‖Hˆij‖ · Pψ(|s− sm¯| ≤ 2δς). (16)
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The proof of the Theorem is now completed.
Example of W state |j, j − 1〉
Here, we give the derivation of the probability distri-
bution pm = |〈j, j − 1|j,m〉x|2 for j → ∞ and small m,
where |j,m〉x = e−ipi2 Jˆy |j,m〉. Particular example of such
distribution is given in Fig. 1. First, we will evaluate the
overlap
〈j, j − 1|j,m〉x = 1√
2j
〈j, j|Jˆ+|j,m〉x
=
1√
2j
〈j, j|(Jˆx + iJˆy)e−ipi2 Jˆy |j,m〉
=
1√
2j
〈j, j|e−i pi2 Jˆy (Jˆz + iJˆy)|j,m〉, (17)
where we used properties and definition of the angular
momentum ladder operator Jˆ+, as well as the relation
ei
pi
2 Jˆy Jˆxe
−ipi2 Jˆy = Jˆz. Next, we employ
0 = 〈j, j|Jˆ−e−ipi2 Jˆy
= 〈j, j|(Jˆx − iJˆy)e−ipi2 Jˆy
= 〈j, j|e−ipi2 Jˆy(Jˆz − iJˆy), (18)
so that
〈j, j|e−ipi2 Jˆy Jˆz = 〈j, j|e−ipi2 Jˆy iJˆy, (19)
and we conclude
〈j, j − 1|j,m〉x = 1√
2j
〈j, j|e−ipi2 Jˆy 2Jˆz|j,m〉
= m
√
2
j
〈j, j|e−i pi2 Jˆy |j,m〉 ≡ m
√
2
j
cm.
(20)
In order to calculate the matrix element, denoted by cm,
we proceed as follows. First, from (19) and the relation
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FIG. 1. Normalized probability distributions pm for W state
for N = 40 (blue line) and N = 200 (green line). Normal-
ization is such that the maximal value is unity. Continuous
curves are used for aesthetic purposes.
2iJˆy = Jˆ
+ − Jˆ−, we get
2mcm =
√
(j−m)(j+m+1) cm+1
−
√
(j+m)(j−m+1) cm−1. (21)
Second, using ei
pi
2 Jˆy Jˆze
−ipi2 Jˆy = −Jˆx together with Jˆx =
(Jˆ+ + Jˆ−)/2, we find
〈j, j|Jˆze−ipi2 Jˆy = −〈j, j|e−ipi2 Jˆy Jˆx
= −1
2
〈j, j|e−ipi2 Jˆy (Jˆ+ + Jˆ−), (22)
which allows us to obtain
2jcm = −
√
(j−m)(j+m+1) cm+1
−
√
(j+m)(j−m+1) cm−1. (23)
From the two relations (21) and (23), we derive the re-
currence relation cm = −
√
j+m+1
j−m cm+1, which leads
to cm = (−1)j−m
√(
2j
j+m
)
cj . Using the normalization
condition
∑j
m=−j |cm|2 = 1, we get |cj | = 12j and
|cm| = 12j
√(
2j
j+m
)
. Finally, from (20) we obtain
pm =
2m2
22j j
(
2j
j +m
)
, (24)
as stated in the main text. The asymptotic behavior for
fixedm and j →∞ can be easily obtained using Stirling’s
asymptotic series.
Example of superpositions of Dicke states
Additionally, we will demonstrate that certain super-
positions of Dicke states cannot be unique ground states
of 2-local Hamiltonians. We consider N = 2j spin-1/2
particles, with j integer (for the notational simplicity).
Thus, d = 2, ℓ = 2, and δς = 1. Assume that the unique
ground state of some 2-local Hamiltonian of the spins has
the following form
|ψ±n 〉 =
n∑
k=0
(±)kck|j,−n+ 2k〉, n = O(N0) ∈ N, (25)
where the coefficients ck ∈ C satisfy
∑n
k=0 |ck|2 = 1 and∑n
k=0 ck = 0. Some particular instances of such states
are (|j,−1〉 ∓ |j, 1〉)/√2, (|j,−2〉 ∓ |j, 4〉)/√2, (|j,−3〉 −
2|j, 1〉+ |j, 5〉)/√6, etc. It can be verified that the proper
additive observable for |ψ+n 〉 states is Jˆy, while for |ψ−n 〉
states it is Jˆx. All the states (25) are in fact general
macroscopic quantum states since the variance of the ad-
ditive observable scales as O(N2).
We first concentrate on |ψ−n 〉 states. The required
probability distribution is given by pm = |〈ψ−n |j,m〉x|2,
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FIG. 2. The probability distribution pm for the superposition
(|j,−1〉+ |j, 5〉)/√2 of two Dicke states for j = 100. The blue
(green) line labels pm for m even (odd). Continuous curves
are used for aesthetic purposes.
sm = m, and we again select sm¯ = 0 (see Fig. 2 for an
example). We are going to analyze the behavior of the
probabilities pm for j →∞ and small m, i.e., we want to
examine the overlap 〈j,m′|j,m〉x = 〈j,m′|e−ipi2 Jˆy |j,m〉 =
djm′m(π/2) for j large. In the last equality we recognized
the Wigner (small) d function that can be related to Ja-
cobi polynomials P
(a,b)
n (z) in the following manner [5]
djm′m(θ) =
[
(j +m)!(j −m)!
(j +m′)!(j −m′)!
] 1
2
P
(m−m′,m+m′)
j−m (cos θ)
×
(
sin
θ
2
)m−m′ (
cos
θ
2
)m+m′
. (26)
Thus, we find
djm′m
(π
2
)
=
1
2m
[
(j +m)!(j −m)!
(j +m′)!(j −m′)!
] 1
2
P
(m−m′,m+m′)
j−m (0).
(27)
Using Stirling’s asymptotic series and asymptotic expan-
sion of Jacobi polynomials [6–8] in the limit j →∞ and
m,m′ finite, we obtain
〈j,m′|j,m〉x ∼
√
2
πj
cos
(j −m+m′)π
2
+O
(
j−3/2
)
.
(28)
so that
〈ψ−n |j,m〉x =
n∑
k=0
(−1)kc∗k〈j,−n+ 2k|j,m〉x
∼
√
2
πj
n∑
k=0
(−1)kc∗k cos
[
(j −m− n)π
2
+ kπ
]
+O
(
j−3/2
)
=
√
2
πj
cos
(j −m− n)π
2
n∑
k=0
c∗k +O
(
j−3/2
)
= O
(
j−3/2
)
, (29)
since by construction we have
∑n
k=0 ck = 0. Thus, we
establish the asymptotic relation pm = |〈ψ−n |j,m〉x|2 =
O(j−3). The choice sm¯ = 0 guaranties that ak → 1/
√
2
(k = 1, 2) as j → ∞, so that the separation probabil-
ity Pψ(|s − sm¯| ≤ 2) vanishes at least as O(j−3), i.e.,
O(N−3). Essentially the same approach can also be ap-
plied to |ψ+n 〉 states. Finally, we conclude that none of
the states (25) can be reached by cooling the system of
N spin-1/2 particles described by an arbitrary 2-local
Hamiltonian.
This example can also be put into the context of
double-well (or twofold fragmented single-well) Bose-
Einstein condensates of N particles via the Schwinger
representation of angular momentum operators in terms
of two bosonic modes. Hence, for arbitrary pairwise par-
ticle interactions and potential trap designs the consid-
ered superpositions of Dicke states cannot in principle
arise as a result of the simple condensation process and
necessitate other means of preparation. Contrarily, we
conclude from our previous analysis that one would need
genuine 3-particle interactions in order for it to be possi-
ble to prepare such states by the process of cooling.
Quantum superpositions in SQUIDs
Here we provide the discussion of superpositions of
magnetic-flux states in SQUIDs and show the relation
to our analysis. We will consider the simplest form of
Josephson device which displays all the features relevant
for the present discussion, namely a single rf SQUID [9].
In the thermodynamic limit (the number of Cooper pairs
N tends to infinity), the full many-body description re-
duces to a simple model with one macroscopic quantum
variable, i.e., the total flux Φ trapped through the SQUID
ring, and the dynamics follows an effective single-particle
1D Schro¨dinger equation, where the effective Hamilto-
nian Hˆeff(Φ) has a usual kinetic ∝ −∂2/∂Φ2 and a poten-
tial term U(Φ) [10]. The system exhibits a finite energy
gap ∆E independent of N . For an appropriate choice
of external magnetic field, the problem boils down to the
analysis of a 1D quantum particle in a double-well poten-
tial U(Φ) [9]. The ground state wave function ψ0(Φ) has
two peaks to which we can associate the states ψ−(Φ)
and ψ+(Φ). They correspond to the states of supercur-
rent flowing in one or in the other direction around the
ring. Since the magnitude of the total magnetic moment
in each of the cases can be 106µB [11], or even 10
10µB
[12], these states are asserted to be macroscopically dis-
tinct.
For simplicity reasons, let us assume the symmetric
potential U(−Φ) = U(Φ) with two degenerate wells sep-
arated by a classically impenetrable barrier [9]. For the
case of an even potential, the well-known textbook re-
sult states that the ground state wave function is even,
i.e. ψ0(−Φ) = ψ0(Φ), whereas the first excited state wave
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function is odd ψ1(−Φ) = −ψ1(Φ). Here Hˆeff(Φ)ψi(Φ) =
Eiψi(Φ) and ∆E = E1−E0. Since ψ′0(0) = 0, the proba-
bility density |ψ0(Φ)|2 attains a minimum at the center of
the barrier Φ = 0. Precisely this is the natural choice for
the separation point that divides the ground state wave
function into the two components ψ±(Φ).
Following Ref. [13], simple algebraic manipulation of
eigenequations Hˆeff(Φ)ψi(Φ) = Eiψi(Φ) yields the rela-
tion
∆E = const× ψ0(0)ψ
′
1(0)∫∞
0
ψ0(Φ)ψ1(Φ)dΦ
, (30)
meaning that the energy gap is directly proportional to
the ground state probability amplitude ψ0(0) at the cen-
ter of the barrier. Since ∆E is nonzero, ψ0(0) must be
nonvanishing as well. Therefore, as long as the energy
gap is finite, there is a nonvanishing macroscopic proba-
bility density |ψ0(0)|2 of Cooper pairs at the center of the
barrier (the separation point). Thus, one concludes that
the states ψ±(Φ) cannot be arbitrarily well separated
whenever the energy gap is finite. In addition, the same
general conclusion as above holds for arbitrary confining
potential. Namely, it is a well-known fact that a non-
degenerate ground state wave function has no nodes, i.e.,
it exhibits the nonzero probability density everywhere.
Finally, we point out that instead of an effective de-
scription and an analysis of the flux variable, one might
consider the full 2-local many-body Hamiltonian and in-
voke the analysis of some additive observable, such as
the pseudo-angular-momentum [14]. In such a case, the
dependence on the number of Cooper pairs N would ex-
plicitly be taken into account. Our main theorem would
then directly yield the conclusion that for any considered
additive observable there is a lower bound on the sepa-
ration probability Pψ ≥ O(1/N2). In other words, this is
the best separation of the two wave function components
one can expect to have.
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